SIAM J. MATRIX ANAL. APPL. (© 2009 Society for Industrial and Applied Mathematics
Vol. 31, No. 3, pp. 1100-1124

A RANDOMIZED ALGORITHM FOR PRINCIPAL COMPONENT
ANALYSIS*
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Abstract. Principal component analysis (PCA) requires the computation of a low-rank approx-
imation to a matrix containing the data being analyzed. In many applications of PCA, the best
possible accuracy of any rank-deficient approximation is at most a few digits (measured in the spec-
tral norm, relative to the spectral norm of the matrix being approximated). In such circumstances,
efficient algorithms have not come with guarantees of good accuracy, unless one or both dimensions
of the matrix being approximated are small. We describe an efficient algorithm for the low-rank
approximation of matrices that produces accuracy that is very close to the best possible accuracy,
for matrices of arbitrary sizes. We illustrate our theoretical results via several numerical examples.
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1. Introduction. Principal component analysis (PCA) is among the most widely
used techniques in statistics, data analysis, and data mining. PCA is the basis of many
machine learning methods, including the latent semantic analysis of large databases of
text and HTML documents described in [6]. Computationally, PCA amounts to the
low-rank approximation of a matrix containing the data being analyzed. The present
article describes an algorithm for the low-rank approximation of matrices, suitable for
PCA. This paper demonstrates both theoretically and via numerical examples that
the algorithm efficiently produces low-rank approximations whose accuracies are very
close to the best possible.

The canonical construction of the best possible rank-k approximation to a real
m X n matrix A uses the singular value decomposition (SVD) of A,

(1.1) A=UxVT

where U is a real unitary m x m matrix, V is a real unitary n x n matrix, and ¥ is
a real m x n matrix whose only nonzero entries appear in nonincreasing order on the
diagonal and are nonnegative. The diagonal entries 01, 02, . .., min(m,n)—1> Tmin(m,n)
of ¥ are known as the singular values of A. The best rank-k approximation to A,
with £k < m and k < n, is

(1.2) A~UXVT,

where U is the leftmost m x k block of U, V is the leftmost n x k block of V, and &
is the k x k matrix whose only nonzero entries appear in nonincreasing order on the
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diagonal and are the k greatest singular values of A. This approximation is “best” in
the sense that the spectral norm ||A — B|| of the difference between A and a rank-k
matrix B is minimal for B =U X VT. In fact,

(1.3) |A-UZVT|| = opy1,

where o1 is the (k + 1)st greatest singular value of A. For more information about
the SVD, see, for example, Chapter 8 in [20].

For definiteness, let us assume that m < n and that A is an arbitrary (dense) real
m X n matrix. To compute a rank-k approximation to A, one might form the matrices
U, ¥, and V in (1.1), and then use them to construct U, 3, and V in (1.2). However,
even computing just X, the leftmost m columns of U, and the leftmost m columns of
V requires at least O(nm?) floating-point operations (flops) using any of the standard
algorithms (see, for example, Chapter 8 in [20]). Alternatively, one might use pivoted
Q) R-decomposition algorithms, which require O(nmk) flops and typically produce a
rank-k approximation B to A such that

(1.4) |A — B|| < 10v/m ope1,

where ||A— B|| is the spectral norm of A— B, and o1 is the (k+1)st greatest singular
value of A (see, for example, Chapter 5 in [20]). Furthermore, the algorithms of [24]
require only about O(nmk) flops to produce a rank-k approximation that (unlike
an approximation produced by a pivoted @ R-decomposition) has been guaranteed to
satisfy a bound nearly as strong as (1.4).

While the accuracy in (1.4) is sufficient for many applications of low-rank approx-
imation, PCA often involves m > 10,000, and a “signal-to-noise ratio” o1 /og+1 < 100,
where o1 = || A]| is the greatest singular value of A, and o1 is the (k + 1)st greatest
singular value. Moreover, the singular values < o441 often arise from noise in the pro-
cess generating the data in A, making the singular values of A decay so slowly that
Om > 0k+1/10. When m > 10,000, o1 /ok4+1 < 100, and 6., > 0441/10, the rank-k ap-
proximation B produced by a pivoted ¢ R-decomposition algorithm typically satisfies
||[A—BJ| ~ ||Al|—the “approximation” B is effectively unrelated to the matrix A being
approximated! For large matrices whose “signal-to-noise ratio” o1/ok41 is less than
10,000, the v/m factor in (1.4) may be unacceptable. Now, pivoted Q R-decomposition
algorithms are not the only algorithms which can compute a rank-k approximation
using O(nmk) flops. However, other algorithms, such as those of [1], [2], [3], [5], [7],
8], (0], [11], [12], [13], [14], (15], [16], [17], 18], [21], [22], [23], [24], [25], [27], [28],
[30], [32], [33], [34], [35], and [37], also yield accuracies involving factors of at least
/m when the singular values ox1, Okt2, Okt3, --.0of A decay slowly. (The decay is
rather slow if, for example, oy4; ~ j% oy for j = 1,2, 3, ... with —1/2 < o < 0.
Many of these other algorithms are designed to produce approximations having special
properties not treated in the present paper, and their spectral-norm accuracy is good
when the singular values decay sufficiently fast. Fairly recent surveys of algorithms
for low-rank approximation are available in [32], [33], and [27].)

The algorithm described in the present paper produces a rank-k approximation
B to A such that

(1.5) |A-B| <CmYE D gy

with very high probability (typically 1 — 1071°, independent of A, with the choice
of parameters from Remark 4.2), where |A — B|| is the spectral norm of A — B, i
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1102 VLADIMIR ROKHLIN, ARTHUR SZLAM, AND MARK TYGERT

is a nonnegative integer specified by the user, oxy1 is the (k + 1)st greatest singular
value of A, and C is a constant independent of A that theoretically may depend
on the parameters of the algorithm. (Numerical evidence such as that in section 5
suggests at the very least that C' < 10; (4.23) and (4.10) in section 4 provide more
complicated theoretical bounds on C.) The algorithm requires O(nmki) floating-point
operations when ¢ > 0. In many applications of PCA, i = 1 or ¢ = 2 is sufficient, and
the algorithm then requires only O(nmk) flops. The algorithm provides the rank-k
approximation B in the form of an SVD, outputting three matrices, U, 3, and V,
such that B=UX f/T, where the columns of U are orthonormal, the columns of 174
are orthonormal, and the entries of ¥ are all nonnegative and zero off the diagonal.

The algorithm of the present paper is randomized, but succeeds with very high
probability; for example, the bound (4.23) on its accuracy holds with probability
greater than 1 — 1071%. The algorithm is similar to many recently discussed random-
ized algorithms for low-rank approximation, but produces approximations of higher
accuracy when the singular values ox41, 0k+2, Ok+3, .. .of the matrix being approxi-
mated decay slowly; see, for example, [32] or [27]. The algorithm is a variant of that
in [31], and the analysis of the present paper should extend to the algorithm of [31];
[31] stimulated the authors’ collaboration. The algorithm may be regarded as a gen-
eralization of the randomized power methods of [9] and [26], and in fact we use the
latter to ascertain the approximations’ accuracy rapidly and reliably.

The algorithm admits obvious “out-of-core” and parallel implementations (assum-
ing that the user chooses the parameter 7 in (1.5) to be reasonably small). As with
the algorithms of [9], [26], [27], [29], [31], [32], and [33], the core steps of the algorithm
of the present paper involve the application of the matrix A being approximated and
its transpose AT to random vectors. The algorithm is more efficient when A and AT
can be applied rapidly to arbitrary vectors, such as when A is sparse.

Throughout the present paper, we use 1 to denote an identity matrix. We use 0
to denote a matrix whose entries are all zeros. For any matrix A, we use || A|| to denote
the spectral norm of A, that is, ||A|| is the greatest singular value of A. Furthermore,
the entries of all matrices in the present paper are real valued, though the algorithm
and analysis extend trivially to matrices whose entries are complex valued.

The present paper has the following structure: Section 2 collects together various
known facts which later sections utilize. Section 3 provides the principal lemmas
used in bounding the accuracy of the algorithm in section 4. Section 4 describes the
algorithm of the present paper. Section 5 illustrates the performance of the algorithm
via several numerical examples. The appendix proves two lemmas stated earlier in
section 3. We encourage the reader to begin with sections 4 and 5, referring back to
the relevant portions of sections 2 and 3 as they are referenced.

2. Preliminaries. In this section, we summarize various facts about matrices
and functions. Subsection 2.1 discusses the singular values of arbitrary matrices.
Subsection 2.2 discusses the singular values of certain random matrices. Subsection 2.3
observes that a certain function is monotone.

2.1. Singular values of general matrices. The following trivial technical
lemma will be needed in section 3.

LEMMA 2.1. Suppose that m and n are positive integers with m > n. Suppose
further that A is a real m x n matriz such that the least (that is, the nth greatest)
singular value o, of A is nonzero.
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(2.1) (AT ) AT = -

n

The following lemma states that the greatest singular value of a matrix A is at
least as large as the greatest singular value of any rectangular block of entries in A;
the lemma is a straightforward consequence of the minimax properties of singular
values (see, for example, section 47 of Chapter 2 in [36]).

LEMMA 2.2. Suppose that k, I, m, and n are positive integers with k < m and
I < n. Suppose further that A is a real m x n matriz, and B is a k x | rectangular
block of entries in A.

Then, the greatest singular value of B is at most the greatest singular value of
A.

The following classical lemma provides an approximation @ .S to an n x [ matrix
R via an n x k matrix Q whose columns are orthonormal, and a k x [ matrix S. As
remarked in Observation 2.4, the proof of this lemma provides a classic algorithm
for computing @ and S, given R. We include the proof since we will be using this
algorithm.

LEMMA 2.3. Suppose that k, I, and n are positive integers with k < 1 < n, and
R is a real n x | matriz.

Then, there exist a real n X k matriz Q whose columns are orthonormal, and a
real k X | matriz S, such that

(2.2) 1QS = Rl < prta,

where pr11 is the (k + 1)st greatest singular value of R.
Proof. We start by forming an SVD of R,

(2.3) R=UxXVT,

where U is a real n x [ matrix whose columns are orthonormal, V is a real [ x [ matrix
whose columns are orthonormal, and ¥ is a real diagonal [ x [ matrix, such that

(2.4) i =pj

for j=1,2,...,1—1,1, where 3; ; is the entry in row j and column j of ¥, and p;
is the jth greatest singular value of R. We define ) to be the leftmost n x k block of
U, and P to be the rightmost n x (I — k) block of U, so that

(2.5) v=(QlPr).

We define S to be the uppermost & x I block of X VT, and T to be the lowermost
(I — k) x I block of L VT, so that

(2.6) VT = (%) .

Combining (2.3), (2.4), (2.5), (2.6), and the fact that the columns of U are orthonor-
mal, as are the columns of V', yields (2.2). O

Observation 2.4. In order to compute the matrices @ and S in (2.2) from the
matrix R, we can construct (2.3), and then form @ and S according to (2.5) and (2.6).
(See, for example, Chapter 8 in [20] for details concerning the computation of the

SVD.)
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1104 VLADIMIR ROKHLIN, ARTHUR SZLAM, AND MARK TYGERT

2.2. Singular values of random matrices. The following lemma provides a
highly probable upper bound on the greatest singular value of a square matrix whose
entries are independent, identically distributed (i.i.d.) Gaussian random variables of
zero mean and unit variance; Formula 8.8 in [19] provides an equivalent formulation
of the lemma.

LEMMA 2.5. Suppose that n is a positive integer, G is a real n X n matriz whose
entries are i.i.d. Gaussian random variables of zero mean and unit variance, and 7y is
a positive real number, such that v > 1 and

2 n
(2.7) 1- ! ( 2 )
107 1) e
1§ nonnegative.

Then, the greatest singular value of G is at most /2n~ with probability not less
than the amount in (2.7).

Combining Lemmas 2.2 and 2.5 yields the following lemma, providing a highly
probable upper bound on the greatest singular value of a rectangular matrix whose
entries are i.i.d. Gaussian random variables of zero mean and unit variance.

LEMMA 2.6. Suppose that I, m, and n are positive integers withn > 1 andn > m.
Suppose further that G is a real I X m matriz whose entries are i.i.d. Gaussian random
variables of zero mean and unit variance, and 7y is a positive real number, such that
v >1 and (2.7) is nonnegative.

Then, the greatest singular value of G is at most /2n~ with probability not less
than the amount in (2.7).

The following lemma provides a highly probable lower bound on the least singular
value of a rectangular matrix whose entries are i.i.d. Gaussian random variables of
zero mean and unit variance; Formula 2.5 in [4] and the proof of Lemma 4.1 in [4]
together provide an equivalent formulation of Lemma 2.7.

LEMMA 2.7. Suppose that j andl are positive integers with j < l. Suppose further
that G is a real | X j matrix whose entries are i.i.d. Gaussian random variables of
zero mean and unit variance, and 3 is a positive real number, such that

1 e =i+l
(28) b 2r (I —j+1) <(l—j+1)5>

1§ nonnegative.
Then, the least (that is, the jth greatest) singular value of G is at least 1/(\/1 B)
with probability not less than the amount in (2.8).

2.3. A monotone function. The following technical lemma will be needed in
section 4.

LEMMA 2.8. Suppose that o is a nonnegative real number, and f is the function
defined on (0,00) via the formula

(2.9) @) == (%)".

Then, f decreases monotonically for x > a.
Proof. The derivative of f is

(210) o) = £ (m (%) - 5. )

T

for any positive real number . The right-hand side of (2.10) is negative when z >
Q. o
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3. Mathematical apparatus. In this section, we provide lemmas to be used
in section 4 in bounding the accuracy of the algorithm of the present paper.

The following lemma, proven in the appendix, shows that the product AQ QT of
matrices 4, @, and Q7T is a good approximation to a matrix A, provided that there
exist matrices G and S such that

1. the columns of @ are orthonormal,

2. QS is a good approximation to (G (A AT)? A)T, and

3. there exists a matrix F' such that || F| is not too large, and F G (A AT)? A is
a good approximation to A.

LEMMA 3.1. Suppose that i, k, I, m, and n are positive integers with k <1 <
m < n. Suppose further that A is a real m x n matriz, Q is a real n X k matriz whose
columns are orthonormal, S is a real k X | matriz, F' is a real m x| matriz, and G is
a real | X m matriz.

Then,

(31) AQQT A <2|FG(AAT) A=Al +2|F| QS — (G (AAT) A)T].

The following lemma, proven in the appendix, states that, for any positive integer
1, matrix A, and matrix G whose entries are i.i.d. Gaussian random variables of zero
mean and unit variance, with very high probability there exists a matrix F' with a
reasonably small norm such that F' G (A AT)? A is a good approximation to A. This
lemma is similar to Lemma 19 of [29].

LEMMA 3.2. Suppose that i, j, k, I, m, and n are positive integers with j < k <
I <m <n. Suppose further that A is a real m X n matriz, G is a real | X m matriz
whose entries are i.i.d. Gaussian random variables of zero mean and unit variance,
and B and v are positive real numbers, such that the jth greatest singular value o; of
A is positive, v > 1, and

1 e AR
(3:2) =1- o2r(l—j+1) <(l—j+1)ﬁ>

1 272 max(m—£k, 1)
4 (v2 — 1) /7 max(m — k,1) 72 <€72_1)

o (#)
4(y2—1)+/mly? e’ 1
1§ nonnegative.
Then, there exists a real m x | matriz F' such that

(33) |[FG(AAYY A— A <223242+1 0j4

4
+ \/21 max(m — k, 1) 52 ~? <%> +1 okt

0j

and

Vg
(o)
with probability not less than ® defined in (3.2), where o; is the jth greatest singular

value of A, oj41 is the (j+1)st greatest singular value of A, and oj41 is the (k+1)st
greatest singular value of A.

(3-4) I <

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Given a matrix A and a matrix G whose entries are i.i.d. Gaussian random vari-
ables of zero mean and unit variance, the following lemma provides a highly probable
upper bound on the singular values of the product G A in terms of the singular values
of A. This lemma is reproduced from [29], where it appears as Lemma 20.

LEMMA 3.3. Suppose that j, k, [, m, and n are positive integers with k < I, such
that k +j < m and k + j < n. Suppose further that A is a real m x n matriz, G is
a real I X m matriz whose entries are i.i.d. Gaussian random variables of zero mean
and unit variance, and 7y is a positive real number, such that v > 1 and

1 9~2 max(m—k—j, 1)
(35) E=1- < Zl>
4(y2—1)y/m max(m —k — j,[)7% \ e~

1 2’\/2 max(k+j,1)
4 (v2 — 1) /7 max(k + j,1) 2 <672—1)

is nonnegative.
Then,

(3.6) prt1 < V2 max(k + 5,1) v opy1 + /2 max(m —k — 4,1) v 0k ji1

with probability not less than 2 defined in (3.5), where pr11 is the (k + 1)st greatest
singular value of G A, or41 is the (k4 1)st greatest singular value of A, and op4j11
is the (k + j + 1)st greatest singular value of A.

The following corollary follows immediately from the preceding lemma, by re-
placing the matrix A with (A AT)? A, the integer k with j, and the integer j with
k—j.

COROLLARY 3.4. Suppose i, j, k, , m, and n are positive integers with j < k <
I <m <n. Suppose further that A is a real m X n matriz, G is a real | X m matriz
whose entries are i.i.d. Gaussian random variables of zero mean and unit variance,
and v is a positive real number, such that v > 1 and

1 92 max(m—Fk, 1)
(3.7) U=1- < Zl)
4 (2 —1) y/m max(m — k,1) 72 \ €7

T ()
4(y2 =1)y/mlA2 \er" !

is nonnegative.
Then,

(3.8) pi+1 < V207 (0541) ! + /2 max(m — k, 1) v (0p41) >

with probability not less than U defined in (3.7), where pji1 is the (j + 1)st greatest
singular value of G (AAT) A, 041 is the (j + 1)st greatest singular value of A, and
Okt1 1s the (k 4 1)st greatest singular value of A.

4. Description of the algorithm. In this section, we describe the algorithm
of the present paper, providing details about its accuracy and computational costs.
Subsection 4.1 describes the basic algorithm. Subsection 4.2 tabulates the computa-
tional costs of the algorithm. Subsection 4.3 describes a complementary algorithm.
Subsection 4.4 describes a computationally more expensive variant that is somewhat
more accurate and tolerant to roundoff.
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4.1. The algorithm. Suppose that i, k, m, and n are positive integers with
2k <m < n, and A is a real m x n matrix. In this subsection, we will construct an
approximation to an SVD of A such that

(4.1) [A-USVT| < CmYE 2 gy

with very high probability, where U is a real m x k matrix whose columns are orthonor-
mal, V is a real n X k matrix whose columns are orthonormal, ¥ is a real diagonal
k x k matrix whose entries are all nonnegative, ok is the (k4 1)st greatest singular
value of A, and C' is a constant independent of A that depends on the parameters of
the algorithm. (Section 5 will give an empirical indication of the size of C, and (4.23)
will give one of our best theoretical estimates to date.)

Intuitively, we could apply AT to several random vectors in order to identify the
part of its range corresponding to the larger singular values. To enhance the decay
of the singular values, we apply AT (A AT)? instead. Once we have identified most of
the range of AT, we perform several linear-algebraic manipulations in order to recover
an approximation to A. (It is possible to obtain a similar, somewhat less accurate
algorithm by substituting our short, fat matrix A for AT, and A" for A.)

More precisely, we choose an integer [ > k such that | < m — k (for example,
I =k + 12), and make the following five steps:

1. Using a random number generator, form a real [ x m matrix G whose entries
are i.i.d. Gaussian random variables of zero mean and unit variance, and
compute the [ x n product matrix

(4.2) R=G((AA") A.

2. Using an SVD, form a real n x k matrix ) whose columns are orthonormal,
such that there exists a real k x [ matrix S for which

(4.3) 1QS — RY|| < prt1s

where pg11 is the (k+ 1)st greatest singular value of R. (See Observation 2.4
for details concerning the construction of such a matrix @.)
3. Compute the m x k product matrix

(4.4) T=AQ.
4. Form an SVD of T,
(4.5) T=UxWT,

where U is a real m x k matrix whose columns are orthonormal, W is a real
k x k matrix whose columns are orthonormal, and ¥ is a real diagonal k X k
matrix whose entries are all nonnegative. (See, for example, Chapter 8 in [20]
for details concerning the construction of such an SVD.)

5. Compute the n x k product matrix

(4.6) V=QW

The following theorem states precisely that the matrices U, ¥, and V satisfy (4.1).
See (4.23) for a more compact (but less general) formulation.
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1108 VLADIMIR ROKHLIN, ARTHUR SZLAM, AND MARK TYGERT

THEOREM 4.1. Suppose that i, k, I, m, and n are positive integers with k <1 <
m—Fk and m <n, and A is a real m x n matriz. Suppose further that 8 and v are
positive real numbers such that v > 1,

(4.7) (I-k+1)B>1,
(4.8) 224732 > 1,
and

(4.9)

1 272 1 27?2

= 22— 1) \/a(m— k)2 <672‘1)mk_2(72—1)\/m(672_1)l

1 e I—k+1
o2n(l —k+1) <(l—k+1)5)

is monnegative. Suppose in addition that U, 3, and V are the matrices produced via
the five-step algorithm of the present subsection, given above.
Then,

m—k

(4.10) |A-UXVT| <16~31 (T Okt

)1 /(4i42)
with probability not less than I1, where I is defined in (4.9), and ox4+1 is the (k+1)st
greatest singular value of A.

Proof. Observing that UX VT = AQ Q7, it is sufficient to prove that

m—k

(4.11) 1AQQT — A|| < 16~51 (T

1/(4i+2)
> Ok+1
with probability II, where @) is the matrix from (4.3), since combining (4.11), (4.4),
(4.5), and (4.6) yields (4.10). We now prove (4.11).
First, we consider the case when

kM @i+2)
(412) lars () e
Clearly,
(1.13) 14Q QT - 4] < ] Q1 Q7] + I A].

But, it follows from the fact that the columns of () are orthonormal that

(4.14) QI <1
and
(4.15) QT < 1.

Combining (4.13), (4.14), (4.15), (4.12), and (4.8) yields (4.11), completing the proof
for the case when (4.12) holds.
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For the remainder of the proof, we consider the case when
1/(4i+2)
m—k

To prove (4.11), we will use (3.1) (which is restated and proven in Lemma A.1 in the
appendix), namely,

(417)  |[AQQT — Al <2[|FG (AAT) A~ A +2||F| QS — (G (AAT) A)T|

for any real m x [ matrix F', where G is from (4.2), and @ and S are from (4.3). We
now choose an appropriate matrix F'.
First, we define j to be the positive integer such that

1/(4i+2)
) Ok+1 < 0y,

(418) 0j+1 S <mTk
where o0} is the jth greatest singular value of A, and ¢4 is the (j + 1)st greatest
singular value (such an integer j exists due to (4.16) and the supposition of the
theorem that I < m — k). We then use the matrix F' from (3.3) and (3.4) associated
with this integer j, so that (as stated in (3.3) and (3.4), which are restated and proven
in Lemma A.2 in the appendix)

(4.19) |FG(AATY A—A| < V2023292 +1 011

41
+ \/21 max(m — k, 1) 3242 <%> +1 Opis

0j
and

Vig

g

(4.20) I1F] <

—~

with probability not less than & defined in (3.2). Formula (4.19) bounds the first
term in the right-hand side of (4.17).

To bound the second term in the right-hand side of (4.17), we observe that j < k,
due to (4.18) and the supposition of the theorem that [ < m — k. Combining (4.3),
(4.2), (3.8), and the fact that j < k yields

(4.21) QS (G (AATY A)T|| < V2 (0j41)* ! +v/2 max(m — k,1) 7 (041) "
with probability not less than ¥ defined in (3.7). Combining (4.20) and (4.21) yields

(4.22) [IF|[QS — (G(AAT) A)T| < V21242 32 01
4i
+ \/21 max(m — k,1)y2 52 (%) Okt1

J

with probability not less than IT defined in (4.9). The combination of Lemma 2.8,
(4.7), and the fact that j < k justifies the use of k (rather than the j used in (3.2) for
®) in the last term in the right-hand side of (4.9).

Combining (4.17), (4.19), (4.22), (4.18), (4.8), and the supposition of the theorem
that { < m — k yields (4.11), completing the proof. O
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Remark 4.2. Choosing | = k + 12, § = 2.57, and v = 2.43 in (4.9) and (4.10)
yields

m—k

(4.23) |A-UXZVT| <1001 <T Okt1

) 1/(4i+2)
with probability greater than 1 — 1071, where o441 is the (k + 1)st greatest singular
value of A. Numerical experiments (some of which are reported in section 5) indicate
that the factor 100! in the right-hand side of (4.23) is much greater than necessary.
Remark 4.3. Above, we permit [ to be any integer greater than k. Stronger
theoretical bounds on the accuracy are available when [ > 2k. Indeed, via an analysis
similar to the proof of Theorem 4.1 (using in addition the result stated in the abstract
of [4]), it can be shown that the following six-step algorithm with I > 2k produces
matrices U, X, and V satisfying the bound (4.10) with its right-hand side reduced by
a factor of v/I:
1. Using a random number generator, form a real [ x m matrix G whose entries
are i.i.d. Gaussian random variables of zero mean and unit variance, and
compute the [ x n product matrix

(4.24) R=G((AA") A.

2. Using a pivoted @ R-decomposition algorithm, form a real n x [ matrix @
whose columns are orthonormal, such that there exists a real [ x [ matrix S
for which

(4.25) RT=Qs.

(See, for example, Chapter 5 in [20] for details concerning the construction
of such a matrix Q.)
3. Compute the m x [ product matrix

(4.26) T=AQ.
4. Form an SVD of T,
(4.27) T=UswWT,

where U is a real m x [ matrix whose columns are orthonormal, W is a real I x[
matrix whose columns are orthonormal, and 3 is a real diagonal I x [ matrix
whose only nonzero entries are nonnegative and appear in nonincreasing order
on the diagonal. (See, for example, Chapter 8 in [20] for details concerning
the construction of such an SVD.)

5. Compute the n x [ product matrix

(4.28) V=QW.

6. Extract the leftmost m x k block U of U, the leftmost n x k block V' of v,
and the leftmost uppermost k& x k block ¥ of X.

4.2. Computational costs. In this subsection, we tabulate the number of
floating-point operations required by the five-step algorithm described in subsec-
tion 4.1 as applied once to a matrix A.

The algorithm incurs the following costs in order to compute an approximation
to an SVD of A:
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1. Forming R in (4.2) requires applying A to il column vectors, and AT to (i+1)1
column vectors.
Computing Q in (4.3) costs O(I2n).
Forming T in (4.4) requires applying A to k column vectors.
Computing the SVD (4.5) of T costs O(k?* m).
5. Forming V in (4.6) costs O(k%n).
Summing up the costs in steps 1-5 above, and using the fact that £ <1 <m < n, we
conclude that the algorithm of subsection 4.1 costs

- W N

(4.29) Cpoa = (il +k)-Ca+ (il +1) - Cyr + O(1%n)

floating-point operations, where C4 is the cost of applying A to a real n x 1 column
vector, and C 4t is the cost of applying AT to a real m x 1 column vector.

Remark 4.4. We observe that the algorithm only requires applying A to il + k
vectors and AT to il + [ vectors; it does not require explicit access to the individual
entries of A. This consideration can be important when A and AT are available
solely in the form of procedures for their applications to arbitrary vectors. Often such
procedures for applying A and AT cost much less than the standard procedure for
applying a dense matrix to a vector.

4.3. A modified algorithm. In this subsection, we describe a simple modifi-
cation of the algorithm described in subsection 4.1. Again, suppose that i, k, [, m,
and n are positive integers with k < < m —k and m < n, and A is a real m x n
matrix. Then, the following five-step algorithm constructs an approximation to an
SVD of A" such that

(4.30) [AT —U sV < Om/@ gy

with very high probability, where U is a real n x k matrix whose columns are orthonor-
mal, V is a real m x k matrix whose columns are orthonormal, ¥ is a real diagonal
k x k matrix whose entries are all nonnegative, ok is the (k4 1)st greatest singular
value of A, and C' is a constant independent of A that depends on the parameters of
the algorithm:
1. Using a random number generator, form a real [ x m matrix G whose entries
are i.i.d. Gaussian random variables of zero mean and unit variance, and
compute the [ x m product matrix

(4.31) R=G(AA").

2. Using an SVD, form a real m x k matrix @ whose columns are orthonormal,
such that there exists a real k x { matrix S for which

(4.32) 1Q S = RY|| < pru,

where pp41 is the (k4 1)st greatest singular value of R. (See Observation 2.4
for details concerning the construction of such a matrix @.)
3. Compute the n x k product matrix

(4.33) T=A"Q.
4. Form an SVD of T,

(4.34) T=UxXW",
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where U is a real n x k matrix whose columns are orthonormal, W is a real
k x k matrix whose columns are orthonormal, and ¥ is a real diagonal k X k
matrix whose entries are all nonnegative. (See, for example, Chapter 8 in [20]
for details concerning the construction of such an SVD.)

5. Compute the m x k product matrix

(4.35) V=QW.

Clearly, (4.30) is similar to (4.1), as (4.31) is similar to (4.2).
Remark 4.5. The ideas of Remark 4.3 are obviously relevant to the algorithm of
the present subsection, too.

4.4. Blanczos. In this subsection, we describe a modification of the algorithm
of subsection 4.1, enhancing the accuracy at a little extra computational expense.
Suppose that i, k, I, m, and n are positive integers with k <! and (i + 1)l < m — k,
and A is a real m x n matrix, such that m < n. Then, the following five-step algorithm
constructs an approximation U X VT to an SVD of A:

1. Using a random number generator, form a real [ x m matrix G whose entries
are i.i.d. Gaussian random variables of zero mean and unit variance, and

compute the I xn matrices R©), RV ... R=D R defined via the formulae
(4.36) RO =qGA,

(4.37) RM = RO 4T 4,

(4.38) R® = RW AT 4,

(4.39) RU=D = RG=2 AT 4,

(4.40) R®W = RO 4T 4,

Form the ((z 4+ 1)I) x n matrix
RO
RM
(4.41) R= :
RG-1)
R®
2. Using a pivoted @ R-decomposition algorithm, form a real n x ((i+1)l) matrix

@ whose columns are orthonormal, such that there exists a real ((i + 1)) x
((¢ + 1)I) matrix S for which

(4.42) RT=@s.

(See, for example, Chapter 5 in [20] for details concerning the construction
of such a matrix Q.)
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3. Compute the m x ((¢ + 1)I) product matrix
(4.43) T=AQ.
4. Form an SVD of T,
(4.44) T=UxWT,

where U is a real m x ((¢ + 1)l) matrix whose columns are orthonormal, W is
areal ((i +1)I) x ((« + 1)!) matrix whose columns are orthonormal, and ¥ is
a real diagonal ((i +1)I) x ((¢+ 1)) matrix whose entries are all nonnegative.
(See, for example, Chapter 8 in [20] for details concerning the construction
of such an SVD.)

5. Compute the n x ((i + 1)l) product matrix

(4.45) V=QW.

An analysis similar to the proof of Theorem 4.1 above shows that the matrices U,
3., and V produced by the algorithm of the present subsection satisfy the same upper
bounds (4.10) and (4.23) as the matrices produced by the algorithm of subsection 4.1.
If desired, one may produce a similarly accurate rank-k approximation by arranging
U, 3, and V such that the diagonal entries of 3 appear in nonincreasing order, and
then discarding all but the leftmost & columns of U and all but the leftmost £ columns
of V, and retaining only the leftmost uppermost k£ x k block of ¥. We will refer to
the algorithm of the present subsection as “blanczos,” due to its similarity with the
block Lanczos method (see, for example, subsection 9.2.6 in [20] for a description of
the block Lanczos method).

5. Numerical results. In this section, we illustrate the performance of the
algorithm of the present paper via several numerical examples.

We use the algorithm to construct a rank-k approximation, with k£ = 10, to the
m X (2m) matrix A defined via its SVD

(5.1) A=UW x5 (yAnT,

where U is an m x m Hadamard matrix (a unitary matrix whose entries are all
+1/y/m), VA is a (2m) x (2m) Hadamard matrix, and (1) is an m x (2m) matrix
whose entries are zero off the main diagonal, and whose diagonal entries are defined
in terms of the (k 4 1)st singular value o1 via the formulae

(5.2) £ = o) = (op41) /27
for j=1,2,...,9, 10, where |j/2]| is the greatest integer less than or equal to j/2,
and
A m—j
(5.3) Eg‘f = 0j = ok - ——

for j =11,12, ..., m — 1, m. Thus, 01 = 1 and o = og41 (recall that £k = 10). We
always choose 041 < 1,so that o1 > 09 > --- > 0py—1 > oy

Figure 1 plots the singular values o1, 03, ..., 0m_1, Om of A with m = 512 and
ok+1 = .001; these parameters correspond to the first row of numbers in Table 1, the
first row of numbers in Table 2, and the first row of numbers in Table 6.
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Fic. 1. Singular values with m = 512, n = 1024, and o411 = .001

TABLE 1
Five-step algorithm of subsection 4.1.

m | n | ) | t | Okl | 4
512 1024 | 1 13E-01 .001 | .0011
2048 4096 | 1 56E-01 .001 | .0013
8192 16384 | 1 .25E-00 .001 | .0018

32768 65536 | 1 | .12E+01 .001 | .0024

131072 262144 | 1 | .75E401 .001 | .0037

524288 | 1048576 | 1 | .36E+02 .001 | .0039
TABLE 2

Five-step algorithm of subsection 4.1.

m | n | ) | t | Ok+1 | 4
512 1024 | O 14E-01 .001 .012
2048 4096 | 0 ATE-01 .001 | .027
8192 16384 | O .22E-00 .001 | .039

32768 65536 | 0 | .10E+01 .001 | .053
131072 262144 | 0 | .60E+01 .001 | .110
524288 | 1048576 | 0 | .29E+02 .001 | .220

Table 1 reports the results of applying the five-step algorithm of subsection 4.1
to matrices of various sizes, with ¢ = 1. Table 2 reports the results of applying the
five-step algorithm of subsection 4.1 to matrices of various sizes, with ¢ = 0. The
algorithms of [32], [33], and [27] for low-rank approximation are essentially the same
as the algorithm used for Table 2 (with ¢ = 0).

Table 3 reports the results of applying the five-step algorithms of subsections 4.1
and 4.3 with varying numbers of iterations ¢. Rows in the table where 7 is enclosed
in parentheses correspond to the algorithm of subsection 4.3; rows where 7 is not
enclosed in parentheses correspond to the algorithm of subsection 4.1.

Table 4 reports the results of applying the five-step algorithm of subsection 4.1 to
matrices whose best rank-k approximations have varying accuracies. Table 5 reports
the results of applying the blanczos algorithm of subsection 4.4 to matrices whose
best rank-k approximations have varying accuracies.

Table 6 reports the results of calculating pivoted @ R-decompositions, via plane
(Householder) reflections, of matrices of various sizes. We computed the pivoted
QR-decomposition of the transpose of A defined in (5.1), rather than of A itself,
for reasons of accuracy and efficiency. As pivoted @ R-decomposition requires dense
matrix arithmetic, our 1 GB of random-access memory (RAM) imposed the limit
m < 4096 for Table 6.
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TABLE 3

Five-step algorithms of subsections 4.1 and 4.3 (parentheses around i designate subsection 4.3).

m | n | 7 | t | Ok+1 | 4
524288 | 1048576 0 .29E4-02 .01 | .862
524288 | 1048576 | (1) | .31E+402 .01 | .091
524288 | 1048576 1 .36E4-02 .01 | .037
524288 | 1048576 | (2) | .38E+402 .01 | .025
524288 | 1048576 2 43E4-02 .01 | .022
524288 | 1048576 | (3) | .45E+402 .01 | .015
524288 | 1048576 3 A9E+02 .01 | .010

TABLE 4

Five-step algorithm of subsection 4.1.

m | n | i | t | Ok+1 | 4
262144 | 524288 | 1 | .17E402 | .10E-02 | .39E-02
262144 | 524288 17E+02 | .10E-04 | .10E-03
262144 | 524288 17E+02 | .10E-06 | .25E-05
262144 | 524288 17E+02 | .10E-08 | .90E-06
262144 | 524288 A17E+02 | .10E-10 | .55E-07
262144 | 524288 A7E+02 | \10E-12 | .51E-08
262144 | 524288 A7E+02 | .10E-14 | .10E-05

=] = =] =] =] =

The headings of the tables have the following meanings:

m is the number of rows in A, the matrix being approximated.

n is the number of columns in A, the matrix being approximated.

i is the integer parameter used in the algorithms of subsections 4.1, 4.3,
and 4.4. Rows in the tables where i is enclosed in parentheses correspond to
the algorithm of subsection 4.3; rows where ¢ is not enclosed in parentheses
correspond to either the algorithm of subsection 4.1 or that of subsection 4.4.
t is the time in seconds required by the algorithm to create an approximation
and compute its accuracy 9.

ok+1 1s the (k 4 1)st greatest singular value of A, the matrix being approx-
imated; o1 is also the accuracy of the best possible rank-k approximation
to A.

§ is the accuracy of the approximation UX VT (or (QRP)T, for Table 6)
constructed by the algorithm. For Tables 1-5,

(5.4) S=A-UxVT,

where U is an m X k matrix whose columns are orthonormal, V' is an n X k
matrix whose columns are orthonormal, and ¥ is a diagonal k x k matrix
whose entries are all nonnegative; for Table 6,

(5:5) § =|lA—(QRP)"|,

where P is an m X m permutation matrix, R is a k X m upper-triangular
(meaning upper-trapezoidal) matrix, and @) is an n x k matrix whose columns
are orthonormal.

The values for t are the average values over three independent randomized trials
of the algorithm. The values for ¢ are the worst (maximum) values encountered in
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TABLE 5
Five-step algorithm of subsection 4.4.

m | n | i | t | Ok+1 | 4
262144 | 524288 | 1 | .31E402 | .10E-02 | .35E-02
262144 | 524288 | 1 | .31E402 | .10E-04 | .15E-04
262144 | 524288 | 1 | .31E402 | .10E-06 | .24E-05
262144 | 524288 | 1 | .31E402 | .10E-08 | .11E-06
262144 | 524288 | 1 | .31E402 | .10E-10 | .19E-08
262144 | 524288 | 1 | .31E402 | .10E-12 | .25E-10
262144 | 524288 | 1 | .31E402 | .10E-14 | .53E-11

TABLE 6

Pivoted QR-decomposition.

m | n | t | Ok+1 | 4
512 | 1024 | .60E-01 .001 | .0047
1024 | 2048 | .29E-00 .001 | .0065
2048 | 4096 | .11E+01 .001 | .0092
4096 | 8192 | .43E+01 .001 | .0131

three independent randomized trials of the algorithm. The values for § in each trial
are those produced by 20 iterations of the power method applied to A — U X VT (or
A — (QRP)T, for Table 6), started with a vector whose entries are i.i.d. centered
Gaussian random variables. The theorems of [9] and [26] guarantee that this power
method produces accurate results with overwhelmingly high probability.

We performed all computations using IEEE standard double-precision variables,
whose mantissas have approximately one bit of precision less than 16 digits (so that
the relative precision of the variables is approximately .2E-15). We ran all com-
putations on one core of a 1.86 GHz Intel Centrino Core Duo microprocessor with
2 MB of L2 cache and 1 GB of RAM. We compiled the Fortran 77 code using the
Lahey/Fujitsu Linux Express v6.2 compiler, with the optimization flag =-02 enabled.
We implemented a fast Walsh-Hadamard transform to apply rapidly the Hadamard
matrices U and V() in (5.1). We used plane (Householder) reflections to compute
all pivoted ) R-decompositions. We used the LAPACK 3.1.1 divide-and-conquer SVD
routine dgesdd to compute all full SVDs. For the parameter [, we set [ = 12 (= k+2)
for all of the examples reported here.

The experiments reported here and our further tests point to the following:

1. The accuracies in Table 1 are superior to those in Table 2; the algorithm
performs much better with ¢ > 0. (The algorithms of [27], [32], and [33] for
low-rank approximation are essentially the same as the algorithm used for
Tables 1 and 2 when i = 0.)

2. The accuracies in Table 1 are superior to the corresponding accuracies in
Table 6; the algorithm of the present paper produces higher accuracy than
the classical pivoted @)R-decompositions for matrices whose spectra decay
slowly (such as those matrices tested in the present section).

3. The accuracies in Tables 1-3 appear to be proportional to m!/(4i+2) g, | for
the algorithm of subsection 4.1, and to be proportional to m!/9) g, for
the algorithm of subsection 4.3, in accordance with (4.1) and (4.30). The
numerical results reported here, as well as our further experiments, indicate
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that the theoretical bound (4.10) on the accuracy should remain valid with
a greatly reduced constant in the right-hand side, independent of the matrix
A being approximated. See item 6 for a discussion of Tables 4 and 5.

4. The timings in Tables 1-5 are consistent with (4.29), as we could (and did)
apply the Hadamard matrices U and V(4 in (5.1) to vectors via fast
Walsh-Hadamard transforms at a cost of O(m log(m)) floating-point opera-
tions per matrix-vector multiplication.

5. The quality of the pseudorandom number generator has almost no effect on
the accuracy of the algorithm, nor does substituting uniform variates for the
normal variates.

6. The accuracies in Table 5 are superior to those in Table 4, particularly when
the kth greatest singular value o of the matrix A being approximated is
very small. Understandably, the algorithm of subsection 4.1 would seem
to break down when (oj)?*! is less than the machine precision, while oy,
itself is not, unlike the blanczos algorithm of subsection 4.4. When (o,)%+!
is much less than the machine precision, while o) is not, the accuracy of
blanczos in the presence of roundoff is similar to that of the algorithm of
subsection 4.1 run with a reduced i. When (0% )%*! is much greater than the
machine precision, the accuracy of blanczos is similar to that of the algorithm
of subsection 4.1 run with 7 being the same as in the blanczos algorithm. Since
the blanczos algorithm of subsection 4.4 is so tolerant of roundoff, we suspect
that the blanczos algorithm is a better general-purpose black-box tool for the
computation of principal component analyses, despite its somewhat higher
cost as compared with the algorithms of subsections 4.1 and 4.3.

Remark 5.1. A MATLAB implementation of the blanczos algorithm of subsec-
tion 4.4 is available on the file exchange at http://www.mathworks.com in the package
entitled, “Principal Component Analysis.”

Appendix. In this appendix, we restate and prove Lemmas 3.1 and 3.2 from
section 3.

The following lemma, stated earlier as Lemma 3.1 in section 3, shows that the
product AQ QT of matrices A, Q, and QT is a good approximation to a matrix A,
provided that there exist matrices G and S such that

1. the columns of @ are orthonormal,

2. QS is a good approximation to (G (A AT)? A)T, and

3. there exists a matrix F' such that || F| is not too large, and F G (A AT)? A is
a good approximation to A.

LEMMA A.1. Suppose that i, k, I, m, and n are positive integers with k <1 <
m < n. Suppose further that A is a real m x n matriz, Q is a real n X k matriz whose
columns are orthonormal, S is a real k X | matriz, F' is a real m x| matriz, and G is
a real | X m matriz.

Then,
(A1) [[AQQT - A <2|FG(AAT) A=Al +2|F|[[|QS — (G (AAT) A)T.

Proof. The proof is straightforward, but tedious, as follows.
To simplify notation, we define

(A.2) B=(AAT) A
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We obtain from the triangle inequality that

(A3) [AQQT-A<[AQQT-FGBQQ"|+[|FGBQQ" - FGB]
+|FGB- Al

First, we provide a bound for |[AQ Q" — F G BQ QT||. Clearly,
(A4) [AQQT - FGBQQT|| < ||A-FGB| Q[ Q"]

It follows from the fact that the columns of @) are orthonormal that

(A.5) el <1
and
(A.6) QT < 1.

Combining (A.4), (A.5), and (A.6) yields

(A7) 14QQT - FGBQQ™| <||A-FG B
Next, we provide a bound for |[FF G BQ Q" — F G B|. Clearly,

(A8) IFGBQQ™ — FGB| < |F||GBQQ" —GB].

It follows from the triangle inequality that

(A9)  [[GBQQT-GB[|<[|GBQQT-STQTQQ"|
+sTQTQQT - STQY+ ST QT -G BJ.

Furthermore,
(A.10) IGBQQT -STQTQQT| <GB -sTQMQIQT]-
Combining (A.10), (A.5), and (A.6) yields
(A11) IGBQQT - STQTQQT| < |G B — ST QY.
Also, it follows from the fact that the columns of @ are orthonormal that
(A.12) QTQ=1.
It follows from (A.12) that
(A.13) [STRTQQT - STQT| =0.
Combining (A.9), (A.11), and (A.13) yields
(A.14) IGBQQT ~GB| <2|STQ" - GB|
Combining (A.8) and (A.14) yields
(A.15) IFGBQQT — FGB| <2||F|| 8" Q" - GBI
Combining (A.3), (A.7), (A.15), and (A.2) yields (A.1). O
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The following lemma, stated earlier as Lemma 3.2 in section 3, shows that, for
any positive integer i, matrix A, and matrix G whose entries are i.i.d. Gaussian
random variables of zero mean and unit variance, with very high probability there
exists a matrix I with a reasonably small norm, such that F G (4 AT)? A is a good
approximation to A. This lemma is similar to Lemma 19 of [29].

LEMMA A.2. Suppose that i, j, k, I, m, and n are positive integers with j < k <
I <m < n. Suppose further that A is a real m X n matriz, G is a real | X m matriz
whose entries are i.i.d. Gaussian random variables of zero mean and unit variance,
and B and vy are positive real numbers such that the jth greatest singular value o; of
A is positive, v > 1, and

. . I—j+1
(A.16) ¢=1- o l—j+1) ((1—j+1)ﬁ>

1 272 max(m—k, 1)
4 (v2 — 1) /7 max(m — k,1) 72 <6”21)

v )
4(y2 = 1) V/rly® \ e

is nonnegative.
Then, there exists a real m X | matriz F' such that

(A17) [[FG(AATY A~ A < V223272 11 o
41
+ \/21 max(m — k, 1) 52 72 <%> +1 ok

0j

and

Vi

(o)

with probability not less than ® defined in (A.16), where o; is the jth greatest singular
value of A, 041 is the (j+ 1)st greatest singular value of A, and o1 is the (k+1)st
greatest singular value of A.

Proof. We prove the existence of a matrix F satisfying (A.17) and (A.18) by
constructing one.

We start by forming an SVD of A,

(A.18) I <

(A.19) A=UxVT

where U is a real unitary m x m matrix, ¥ is a real diagonal m x m matrix, and V'
is a real n X m matrix whose columns are orthonormal, such that

(A.20) Yipp = Op
forp=1,2,..., m—1, m, where ¥, , is the entry in row p and column p of ¥, and
op is the pth greatest singular value of A.

Next, we define auxiliary matrices H, R, I'; S, T, ©, and P. We define H to be
the leftmost  x j block of the I x m matrix GU, R to be the | x (k — j) block of
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G U whose first column is the (k + 1)st column of GU, and T' to be the rightmost
I x (m — k) block of GU, so that

(A.21) GU=(H|R|T).

Combining the fact that U is real and unitary, and the fact that the entries of G
are i.i.d. Gaussian random variables of zero mean and unit variance, we see that the
entries of H are also i.i.d. Gaussian random variables of zero mean and unit variance,
as are the entries of R, and as are the entries of I'. We define H(=1 to be the real
7 x I matrix given by the formula

(A.22) HEY = (HTH)"'HT

(HT H is invertible with high probability due to Lemma 2.7). We define S to be the
leftmost uppermost j x j block of ¥, T to be the (k — j) x (k — j) block of ¥ whose
leftmost uppermost entry is the entry in the (5 + 1)st row and (j + 1)st column of ¥,
and © to be the rightmost lowermost (m — k) x (m — k) block of ¥, so that

S|o]|o
(A.23) s=|0[T|0
0/0]|©

We deﬁne P to be the real m x [ matrix whose uppermost j x [ block is the product
S=2 H(=1) whose entries are zero in the (k — j) x [ block whose first row is the
(j + 1)st row of P, and whose entries in the lowermost (m — k) x [ block are zero, so
that

§—2i fr(-1)
(A.24) P= 0
0

Finally, we define F' to be the m x [ matrix given by

§—2i fr(—1)
(A.25) F=UP=U 0
0

Combining (A.22), (2.1), the fact that the entries of H are i.i.d. Gaussian random
variables of zero mean and unit variance, and Lemma 2.7 yields

(A.26) HHH)H <Vig

with probability not less than

1 e AR
n et ()

Combining (A.25), (A.26), (A.23), (A.20), the fact that X is zero off its main diagonal,
and the fact that U is unitary yields (A.18).

We now show that F' defined in (A.25) satisfies (A.17).

Combining (A.19), (A.21), and (A.25) yields

§—2i fr(=1)
(A28) FG(AATYA-A=U 0 (H|R|T )= -1| V™
0
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Combining (A.22) and (A.23) yields

§—2i pr(-=1)
(A.29) 0 (H|R|T )Z*-1|3%
0
0 5721’ H(fl) R T2i+1 S72i H(fl) F@2i+1
=70 -T 0
0 0 -0
Furthermore,
0| §—2 (-1 R 7241 | §—2i (-1 T @2i+1 2
(A.30) 0 -T 0
0 0 -0
. 2 . 2
< HS—zz HD RT21+1H i HS—zz H(—l)F@21+1H T + |le]f
Moreover,
(A?)].) HS72Z‘ H(fl) RT?iJrlH < H571||2i H(fl)H ||R|| ”THZiJrl
and
(A.32) HS—QiH(—l)F@2i+1H < ||S_1H2z‘ H(_l)H | |©]12+1.

Combining (A.23) and (A.20) yields

1

(A.33) 187 < —.
0j

(A.34) 1T < 041,

and

(A.35) O] < ortar.

Combining (A.28)—(A.35) and the fact that the columns of U are orthonormal, as are
the columns of V, yields

) 2 o 4i
(A36) ||FG(AAT) A—AII"’S(HH( o e (U—*) +1> (041)°
J

9 p 41
+<HH<-1>H Iy (%) +1> (o)
J

Combining Lemma 2.6 and the fact that the entries of R are i.i.d. Gaussian
random variables of zero mean and unit variance, as are the entries of I', yields

(A.37) IR < Vi
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and

(A.38) IT|| < /2 max(m — k,1) v,

with probability not less than

1 9~2 max(m—k, 1)
(A.39) 1= < 7 )
2 \e

—1) /7 max(m — k, l) 7?1

- 11) Vri? <€V )
(

Combining (A.36), (A.26), (A.37), and (A.38) yields

41
(A40) |FG(AATY A— A2 < [2128%+? (%) +1| (0j41)?

J

43
+ | 20 max(m — k,1) 8242 (%) T+ 1| (ohs1)?
J

with probability not less than ® defined in (A.16). Combining (A.40), the fact that
0j+1 < 0j, and the fact that

(A.41) Vzty<vVz+\/y

for any nonnegative real numbers = and y yields (A.17). O

Acknowledgments. We thank Ming Gu for suggesting the combination of the

Lanczos method with randomized methods for the low-rank approximation of matri-

ces.

We are grateful for many helpful discussions with R. Raphael Coifman and Yoel

Shkolnisky. We thank the anonymous referees for their useful suggestions.

REFERENCES

D. AcuriorPTAS AND F. MCSHERRY, Fast computation of low rank matriz approzimations, in
Proceedings of the Thirty-Third Annual Symposium on Theory of Computing, ACM, New
York, 2001, pp. 611-618.

D. AcHLiOPTAS AND F. MCSHERRY, Fast computation of low-rank matriz approximations, J.
ACM, 54 (2007), article 9.

T. F. CHAN AND P. C. HANSEN, Some applications of the rank revealing QR factorization,
SIAM J. Sci. Statist. Comput., 13 (1992), pp. 727-741.

Z. CHEN AND J. J. DONGARRA, Condition numbers of Gaussian random matrices, STAM J.
Matrix Anal. Appl., 27 (2005), pp. 603-620.

K. L. CLARKSON AND D. P. WOODRUFF, Numerical linear algebra in the streaming model, in
Proceedings of the 41st Annual ACM Symposium on Theory of Computing, ACM, New
York, 2009, pp. 205-214.

S. DEERWESTER, S. T. DuMAIls, G. W. FUurNAsS, T. K. LANDAUER, AND R. HARSHMAN, Indexing
by latent semantic analysis, J. Amer. Soc. Inform. Sci., 41 (1990), pp. 391-407.

A. DESHPANDE, L. RADEMACHER, S. VEMPALA, AND G. WANG, Matriz approrimation and
projective clustering via volume sampling, in Proceedings of the Seventeenth ACM-SIAM
Symposium on Discrete Algorithms, ACM, New York, 2006, pp. 1117-1126.

A. DESHPANDE AND S. VEMPALA, Adaptive sampling and fast low-rank matriz approzimation,
Lecture Notes in Comput. Sci. 4110, Springer, Berlin, 2006, pp. 292-303.

J. D. DIxoN, Estimating extremal eigenvalues and condition numbers of matrices, SIAM J.
Numer. Anal., 20 (1983), pp. 812-814.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



[11]

[12]

[13]

[14]

[15]

[16]

[17]

18]

A RANDOMIZED ALGORITHM FOR PCA 1123

P. DRrRINEAS, E. DRINEA, AND P. S. HUGGINS, An experimental evaluation of a Monte-Carlo
algorithm for singular value decomposition, in Revised Selected Papers from the Eighth
Panhellenic Conference on Informatics, Lecture Notes in Comput. Sci. 2563, Y. Manolopou-
los, S. Evripidou, and A. C. Kakas, eds., Springer, Berlin, 2003, pp. 279-296.

. DrRINEAS, R. KANNAN, AND M. W. MAHONEY, Fast Monte Carlo algorithms for matrices. I1.
Computing a low-rank approzimation to a matriz, STAM J. Comput., 36 (2006), pp. 158—
183.

P. DRINEAS, R. KANNAN, AND M. W. MAHONEY, Fast Monte Carlo algorithms for matrices.
III. Computing a compressed approximate matrixz decomposition, SIAM J. Comput., 36
(2006), pp. 184-206.

. DRINEAS, M. W. MAHONEY, AND S. MUTHUKRISHNAN, Polynomial Time Algorithm for
Column-Row-Based Relative-Error Low-Rank Matriz Approzimation, Technical report
2006-04, DIMACS, Piscataway, NJ, 2006.

P. DRINEAS, M. W. MAHONEY, AND S. MUTHUKRISHNAN, Relative-error CUR matriz decom-
positions, SIAM J. Matrix Anal. Appl., 30 (2008), pp. 844-881.

. FRIEDLAND, M. KAVEH, A. NIKNEJAD, AND H. ZARE, Fast Monte-Carlo low rank approxima-
tions for matrices, in Proceedings of the First IEEE International Conference on System
of Systems Engineering (SoSE 2006), Los Angeles, 2006, pp. 218-223.

. FRIEZE AND R. KANNAN, Quick approzimation to matrices and applications, Combinatorica,
19 (1999), pp. 175-220.

. FrRIEZE, R. KANNAN, AND S. VEMPALA, Fast Monte-Carlo algorithms for finding low-rank
approzimations, in Proceedings of the Thirty-Ninth Annual IEEE Symposium on Founda-
tions of Computer Science, ACM, New York, 1998, pp. 370-378.

A. FrRIEZE, R. KANNAN, AND S. VEMPALA, Fast Monte-Carlo algorithms for finding low-rank

approzimations, J. ACM, 51 (2004), pp. 1025-1041.

H. H. GOLDSTINE AND J. VON NEUMANN, Numerical inverting of matrices of high order, 1I,
Proc. Amer. Math. Soc., 2 (1951), pp. 188-202.

G. H. GoLuB AND C. F. VAN LOAN, Matriz Computations, 3rd ed., Johns Hopkins University
Press, Baltimore, MD, 1996.

S. A. GOreINOV AND E. E. TYRTYSHNIKOV, The Mazimal- Volume Concept in Approrimation
by Low-Rank Matrices, in Structured Matrices in Mathematics, Computer Science, and
Engineering, I, Proceedings of an AMS-IMS-SIAM Joint Summer Research Conference,
University of Colorado, Boulder, 1999, V. Olshevsky, ed., Contemp. Math. 280, AMS,
Providence, RI, 2001, pp. 47-51.

S. A. GoreNOV, E. E. TYRTYSHNIKOV, AND N. L. ZAMARASHKIN, Pseudo-skeleton approrima-
tions by matrices of mazimal volume, Math. Notes, 62 (1997), pp. 515-519.

S. A. GOreINOV, E. E. TYRTYSHNIKOV, AND N. L. ZAMARASHKIN, A theory of pseudoskeleton
approzimations, Linear Algebra Appl., 261 (1997), pp. 1-21.

M. Gu AND S. C. EISENSTAT, Efficient algorithms for computing a strong rank-revealing QR
factorization, SIAM J. Sci. Comput., 17 (1996), pp. 848-869.

S. HAR-PELED, Low-Rank Matrixz Approximation in Linear Time, unpublished manuscript.
Available online at http://valis.cs.uiuc.edu/~sariel /research/papers/notes.html.

J. KuczyNski AND H. WOZNIAKOWSKI, FEstimating the largest eigenvalue by the power and
Lanczos algorithms with a random start, STAM J. Matrix Anal. Appl., 13 (1992), pp. 1094—
1122.

E. LIBERTY, F. WOOLFE, P.-G. MARTINSSON, V. ROKHLIN, AND M. TYGERT, Randomized
algorithms for the low-rank approximation of matrices, Proc. Natl. Acad. Sci. USA, 104
(2007), pp. 20167-20172.

M. W. MAHONEY AND P. DRINEAS, CUR matriz decompositions for improved data analysis,
Proc. Natl. Acad. Sci. USA, 106 (2009), pp. 697-702.

P.-G. MARTINSSON, V. ROKHLIN, AND M. TYGERT, A Randomized Algorithm for the Approz-
imation of Matrices, Technical report 1361, Yale University, Department of Computer
Science, New Haven, CT, 2006. Available in the form referenced in the present paper
at http://www.cs.yale.edu/publications/techreports/tr1361.pdf and in revised form (with
renumbered lemmas) at http://www.cs.yale.edu/~tygert/randapp.pdf.

C. H. PAPADIMITRIOU, P. RAGHAVAN, H. TAMAKI, AND S. VEMPALA, Latent semantic indexing:
A probabilistic analysis, J. Comput. System Sci., 61 (2000), pp. 217-235.

S. Rowels, EM algorithms for PCA and SPCA, in Proceedings of the 1997 Conference on
Advances in Neural Information Processing Systems 10, MIT Press, Cambridge, MA, 1998,
pp.- 626-632.

T. SARLOS, Improved approzimation algorithms for large matrices via random projections, in
Proceedings of the Forty-Seventh Annual IEEE Symposium on Foundations of Computer

o

-

wn

>

>

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



1124 VLADIMIR ROKHLIN, ARTHUR SZLAM, AND MARK TYGERT

Science, Berkeley, CA, IEEE Computer Society, Washington, D.C., 2006, pp. 143-152.

[33] T. SARLOs, Improved Approzimation Algorithms for Large Matrices via Random Projections,
Long Form, Technical report, E6tvos Lorand University, Informatics Laboratory, Budapest,
Hungary, 2006. Available online at http://www.ilab.sztaki.hu/~stamas/publications/rp-
long.pdf.

[34] J. Sun, Y. XIE, H. ZHANG, AND C. FALOUTSOS, Less is more: Compact matriz decomposition
for large sparse graphs, Stat. Anal. Data Min., 1 (2008), pp. 6—-22.

[35] E. E. TYRTYSHNIKOV, Incomplete cross approzimation in the mosaic-skeleton method, Com-
puting, 64 (2000), pp. 367-380.

[36] J. H. WILKINSON, The Algebraic Eigenvalue Problem, Clarendon Press, Oxford, 1965.

[37] F. WooLFE, E. LIBERTY, V. ROKHLIN, AND M. TYGERT, A fast randomized algorithm for the
approzimation of matrices, Appl. Comput. Harmon. Anal., 25 (2008), pp. 335-366.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


